UNIT - IV
FREQUENCY RESPONSE ANALYSIS

Topics: Introduction to frequency domain specifications — Bode diagrams —
transfer function from the Bode diagram -Polar plots, Nyquist stability
criterion- stability analysis using Bode plots (phase margin and gain
margin).

Classical Control Design Techniques: Lag, lead, lag-lead compensators -
physical realization - design of compensators using Bode plots.

INTRODUCTION:

The frequency response is the steady state response (output) of a
system when the input to the system is a sinusoidal signal. i.e. It is the
magnitude and phase relationship between sinusoidal input and steady
state output of a system.

In the system transfer function T(s), if the 's' is replaced by 'je' then
the resulting transfer function T(jo) is called sinusoidal transfer function.
The frequency response of the system is directly obtained from the
sinusoidal transfer function T(jo) of the system. The transfer function T(jw)
is a complex function of frequency.

The magnitude and phase of T(jw) are the functions of frequency and
can be evaluated for various values of frequency.

Let
C(s)
T(s) = R(S)
Puts =jo
R(jw)
Where M = Magnitude of |T(jo) |
@ = Phase of £T(jo)

ADVANTAGES OF FREQUENCY RESPONSE ANALYSIS

(i) Analytically, it is more difficult to determine the time response of the system for
higher order systems.

(ii) As there exists numerous ways of designing a control system to meet the time
domain performance specifications, it becomes difficult for the designer to choose a
suitable design for a particular system.

(ili) The transfer function of a higher order system can be identified by computing the
frequency response of the system over a wide range of frequencies .

(iv) The time-domain specifications of a system can be met by using the frequency
domain specifications as a correlation exists between the frequency response and
time response of a system.

(v) The stability of a non-linear system can be analysed by the frequency response
analysis.

(vi) The transfer function of a higher order system can be obtained using frequency
response analysis which makes use of physical data when it is difficult to obtain
using differential equations.
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(vii) The frequency response analysis can be applied to the system that has no rational
transfer function (i.e., a system with transportation lag).
(viii) The frequency response analysis can be applied to the system even when the input
is not deterministic.
(ix) The frequency response analysis is very convenient in measuring the system
sensitivity to noise and parameter variations.
(x) In frequency response analysis, stability and relative stability of a system can be
analysed without evaluating the roots of the characteristic equation of the system.
(xi) The frequency response analysis is simple and accurate.

DISADVANTAGES OF FREQUENCY RESPONSE ANALYSIS

(i) Frequency response analysis is not recommended for the system with very large
time constants.
(ii) It is not useful for non-interruptible systems.
(iii) It can generally be applied only to linear systems. When this approach is applied to
a non-linear system, the result obtained is not exact.
(iv) Itis considered as outdated when compared with the methods developed for digital
computer and modelling.

PLOTTING OF FREQUENCY RESPONSE

Frequency Response = Magnitude Response + Phase Response
= |G({jo )| + 2G([o) [ @ is from O to « |

1
EXAMPLE: Draw the frequency response for G(s) = =
SOL:
, 1
The sinusoidal transfer function, G(jw) = 12
The magnitude response is |[G(jw)| = Newwr
The Phase response is 2G(jw) = —tan~!(20)
Now vary the frequency ® from O to « and tabulate the values
® 1 2 5 10 20 50 100 0
|G(jo)] 1 0.4472 | 0.2423 0.099 0.05 0.025 0.01 0.005| ©
£G(jo) 00 | -63.430 [ -75.960 | -84.29° | -87.13° | -88.56° | -89.420 | -89.70 | -900

The magnitude response and phase response are shown in the following

\C‘\GL’jS

fig(s).
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FREQUENCY DOMAIN SPECIFICATIONS
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PROBLEMS

1) The open-loop transfer function of a unity feedback system is

81
G(s) = ———
() s(s + 8)
Determine the resonant frequency and resonant peak for the system.
SOL:

Given G(s) = and H(s)z 1.

C—

s(s+8

C(s) 81

Hence, the closed-loop transfer function of the system, =—
R(s) s*+8s+8l1

The characteristic equation of the given system is s* +8s+81=0

Comparing the above equation with the standard second-order characteristic
s’ +2&w s+, =0, we obtain

w? =81, ie, o, =9rad/sec and 2(w, =8, ie, 26 x9=8

Hence, & =0.44

1 1
Resonant peak, M = =
2EJ1-E  2x0.4441-(0.44)

Resonant frequency, ®_=o_,/1-2&* = 9\/1 —2x(0.44)> =7.045 rad/sec

=1.265

2) The closed loop poles of a system are at s = -2 + j3.

Determine i) Bandwidth ii) Normalized peak driving signal frequency
iii) Resonant peak for the system.

SOL:
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The closed-loop transfer function of any system is given by
Cls) . Ges)
R(s) 1+G(s)H(s)

and the characteristic equation of the system is given by

1+G(s)H(s)=0

The closed-loop poles of a system are obtained by equating the characteristic equation to
zero. Hence, the characteristic equation of the given system using the given closed-loop

poles is obtained as (s+2-j3)(s+2+)3)=0
ie., s°+45+13=0
Comparing the above equation with the standard second-order characteristic equation, we

obtain @’ =13. Therefore, ®_=3.605 rad/sec

280, =4
2
Therefore, E= Pl 0.5547

n

(i) Bandwidth (BW)= w, \/1 282+ J(1-2E%) +1

=3.605 x \/1 ~(2x0.5547%) + \/(1 -(2x 0.55472))2 +1 =4.350 rad/sec

(if) Normalized peak driving signal frequency (u ) is

u,=y1-2&" = J1-2(0.5547)" =0.3846
1

(iii) Resonant peak, M = ———
P2 1-8

1
Therefore, M b = =1.083

2% 0.5547 x \[1— (0.5547)

3) Determine the frequency specification of a second order system whose
closed loop transfer function is given by
C(s) 64

R(s) s2+10s+ 64)

SOL:
Comparing denominator of the transfer function with s* +2é@_s+ @’ , we obtain

=64 ie, o, =8 and 26w =10 ie., &=0.625
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1 1
TO2E1-8  2x0.625x\1-0.625

and @, = @, \1-2&% =8x,/1-2(0.625)" =3.741 rad/sec

BW=0,\1-28% + 2422 +48* = s\jl -2(0.625)" + \/2—4(0.625)2 +4(0.625)" =8.917 rad/sec

M

=1.0248

GRAPHICAL REPRESENTATION OF FREQUENCY RESPONSE

Determining the frequency response of a system, i.e., the magnitude and phase angle of a
system for different frequencies from 0 to e by using tabulation method becomes more
complicated when more number of poles and zeros exist in the system. An alternative
method that eliminates the difficulty of the tabulation method is the graphical representa-
tion of frequency response.

There are different graphical methods by which the frequency response can be repre-
sented. They are

(i) Bode plot (asymptotic plots)
(i) Polar plot
(iii) Nyquist plot
(iv) Constant M and N circles
(v) Nichols chart
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BODE PLOT
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Consider the open loop transfer function, G(s)=

K {1+ joT)
jo (1+ joT,) (1+ joT;)

KL0° y1+0?T stan 0T,

©£90° Jl+0° T2 Ltan” 0T,y1+0T? Zan™ oT;

K {1+0°T2

0 J1+07T7 1+0T?

The phase angle of the G(jo) = ZG(jo) = tan"' oT, — 90° —tan™' oT, ~tan™! ©T,

G(jo) =

The magnitude of G(jo) = |G(jo)l=
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The magnitude of G(jo) can be expressed in decibels as shown below.

G(je)] in db = 20 log |G(j)

o J1+0°T2 1+0™T

=20 log

K 2z .1 1
1+, 1+0°T;

=20 log E—-!—ZO log 1}l+m2‘ff + 20 log l + 20 log !
® . ,h + 0T} ;;1+sz§
=20 log X2 log ,/1+m21;1 ~20 log 1/1+.;n21.“§ ~20 log ,/1+sz§
()]
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BASIC FACTORS OF G(jo)
- The basic factors that very frequently occur in a typical transfer function G{jo) are,
I. Constant gain, K

2. Integral factor,,£ or _K -
, jo  (jw)

3. Derivative factor, K x jo or K x (joy

1

4. First order factor in deno}nmator, — Or -
I+joT  (1+joT)™

5. First order factor in numerator, (I + joT) or (1 + joT)®

: _ . 1
6. Quadratic factor in denominator, L+ 2 (jo / 0g) + (o fﬂln)z]

: . . \2
7. Quadratic factor in numerator, li1+2c; (ﬁ}"[ﬁ] }
@, @,
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Constant Gain, K
Let, G(s)=K

T +db
S Gie)=K=K £0° |
. A
A=|G(jo) in db=20 log K in O
0= £G(jw) =0° db_ db

The magnitude plot for a constant gain K is a

horizontal straight line at the magnitude of 20 log K db. T
The phase plot is straight line at 0°. ¢ o

“WhenK=>1,  20logK is positive.

When 0 <K <1, 20 logK is negative.
WhenK =1, 20 log X is zero.

Integral Factor

LE’,‘T., G(S)xE
s
Sogey=X =K/ o
jo o
A=1|G(jo)| in db =20 log (K/w)

»

w(log sc;le)

o= 2G(joy=-90°"
Wheno=0.1K, ~ A=20log(3/0.1)=20db
When o =K, A=20logi=0db
Whenw=10K, A=20log({1/10)=-20db

00
From the above analysis it i evident that the T o

magnitude plot of the integral factor is a straight line with ¢ -

a slope of =20 db/dec and passing through zero db, when
o =K. Since the £G(jw) is a constant and independent of w
the phase plot is a straight line at —90°.

When an integral factor has multiplicity of n, then,
G(s)=K/s"
G(jw) =K jor = K/o" £-90n°

w(log scale)

K
A= |G{jo)indb = 20log —
©

1y 1
n

o
= 20log LS =20nlog K
o

00
¢ = £G(jo) =-90 n° T

Now the magnitude plot of the integral factoris ¢

a straight line with a slope of -20n db/dec and passing
through zero db when @ = K. The phase plot is a
straight line at —90n°.

1 1 1
0iK" K" 1gK"

»

o(log scale)
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Derivative Factor
Let, G(s) =
- G(j®)=K jo=Ko £90°
A=IG(j)| in db = 20 log (Ko)
0= /G(jw) =+ 90°
When o =0.1/K, A=201og(0.1)=-20db
Whenw=1/K, A=20logl=0db +o0°
Wheno=10/K, A=20logl0=+20db T

From the above analysis it is evident that the
magnitude plot of the derivative factor is a straight line . 1'0 >
with a slope of +20 db/dec and passing through zero db &  ©(log scale)
when o = /K. Since the £G(jo) is a constant and
independent of o, the phase plot is a straight line at +90°.

i . PRI A .
When derivative factor has multiplicity of n then, 00N s ‘ 600
G(s)=K s* - 85‘
: S

- G(jo) = K(joy = Ko® £90n°
A =|G(jo)| in db =20 log (Ka")
=20 log (K" @)* =20 n log (K'* ®)
6 = £G{jo) =90n°

;gl_._ P A

+90n’
Now the magnitude plot of the derivative factor ,
is a straight line with a slope of +20n db/dec and passing o  © . -
through zero db when o = 1/K'*, The phase plot is a : . - —»
straight line at +90n°. ' 0_3 -1—1 1—?- w(log scale)
- Kn Kn Kn
First order factor in denominator
1
G(s) =
®) I+sT
~ G = 4 tan T
(o) = 1+ JOJT 1+®2T o
Let, A=|G(jo)| in db.
1
A =|G(jo)|, 4 =20log ————==-20 logv1+o>T?
V1+0?T?
At very low frequencies, T << A=-201log Y1+ @’T? = 20 logl=
At very high frequencies, oT>> 1; ~A=-20log V1+°T? = =20 log Vo T2 =-20 Iog wT
Atm=%, A=-201log1=0
10
Ato= ?‘, A==-20 IUglG =-20db
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Let! A= EGUG)N in db.

1 ®° i 2 0
A= 2000 : - | [1-5]
: 2 2 032 "
1_03" +4g‘_—2
®, ®n
4 2 2 m2 " (ﬂ4
O 2@ 42? = -— (240 +—
=-20log | 1+— -2 +40"— =-20log ‘/1 7 :
g\/ o ol C w 2 o]
At very low frequencies when o << ®,_ , the magnitude is,
: 2 N
A=-20 log‘/l—%(2—4§2)+9-_i—m—2010g1=0
@y - ©, '

At very high frequencies when @ >> @_, the magnitude is,

4

2 4 2 2
) ® 2 ® (0] o
A=-20log |1-— (2- +—5~-20log |— =-20log — =-20log | —
g‘/ a}i( 45 o? ngﬁ Eo? _ g[ }

[(}]
n a [y

n

~ A =—40 log—=-
mﬂ

At(z)=con, .A=—40logl =0 db
Atw =100, A=-40logl0=-40 db

T '—Y‘i'lﬁ-g’)'l.fuhldi P(b(‘ CD’YU)U\)@ CLS LEUO S(EKC‘-@/’\—(’ é‘))’l—ﬂj
o el odb eid  obgn N wlh A 5(0rc CG ~yo gy

1o th.cr.d.ﬂs\iit Fa ) . G '6’1112 Lxﬂm(,t\.g Wiy L (he CBUI

[ ug ey,
fzcﬂ .
¢=<£G(jo)=—tan™ c:_‘:;:,
s
As o=w,, ¢=-tan’ %o

As o—=0, ¢—>0
As @ —wo, ¢—>-180°
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Based on an analysis similar to that of denominator quadratic factor, the magnitude plot of the
quadratic factor in the numerator can be approximated by two straight lines, one is a straight line at 0 db
for the frequency range 0 < w < @, and the other is a straight line with slope +40 db/dec for the frequency

range o, <o <=, The corner frequency is @_. Due to this approximation the error at the corner frequency
depends on C. ‘ :

The phase angle varies from 0 to +180°, as o is varied from 0 to . At the corner frequency the
phase angle is +90° and independent of £, but at all other frequency it depends on £.
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Stability of the system based on g_and p_

S. No. | Gain margin g_ | Phase margin p_ | Relation between | Stability of the
@, and @ system
1 Positive Positive o <0 Stable system
2 Positive Negative o <@ Unstable system
3 Negative Positive o, >0 Unstable system
4 0dB 0 =0 Marginally stable
BC Pc<
system
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1) For the Bode plot shown in the fig., Find the transfer function.
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2) Sketch the Bode plot for

10

G(s) =
&)=+ 0.55)(1 + 0.1s)
Determine the GM and PM of the system.
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3) Find the open-loop transfer function of a system whose approximate Bode
plot is shown in Figure below.

A
—20 dB/decade
o 54dB
=)
=
§> B, —40 dB/decade
= l
|
: —60 dB/decade
I
0 l
i i » log o
0.1 o=1 o=2 \
D

SOL:
The initial slope of the Bode plot is — 20 dB/decade.

For a slope of —20 dB/decade, the system is type 1. The system transfer function is expressed
as

K
G(s) H(s) = —
N g s . K
G(jo)H(jw) =——
JO
20log,, |G(jm)H (jo)| =201log,, K —20log,, ®
Substituting values,
54 =201log,, K —20log,,(0.1)
20 loglOK: 54 +20 x (-1)
20 loglOK: 54 -20=34
log, ,K=1.57
K=522
Thus, for the initial part of the Bode plot, we get the transfer function
K 522
TF = — =
§ s

At corner frequency, ® = 1 and the slope has changed by another —20 dB/decade. The slope
is negative. The corresponding factor of the TF is 1/(1 + s).

At the corner frequency ® = 2, the slope is increased by another —20 dB/decade. The slope
is negative. Hence the corresponding factor of the TF is 1/(1 + 0.5s).

Thus, the transfer function of the control system is

B 52.2
s(1+5)(1+0.55) - s(1+ s)(1+ 0.55)

G(s)H(s) =
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4) Draw the Bode plot for a control system having transfer function,
100
G(s)H(s) =
()H(s) s(s+1)(s+2)
Determine the following from the Bode plot:
(1) Gain margin; (2) Phase margin; (3) Gain crossover frequency and
(4) Phase crossover.

SOL:
Let us substitute s = j 1 the transfer function as
100
GjOH(jo) = ——— ;
Jo(l + jw)(2 + jw)
50

Jo(1 + jw)(1 + jO.5m)

(1) Comer frequencies are  ®, = 1 rad/sec

1
®, = —— =2 rad/sec
0.5
(2) The starting of the Bode plot is taken as lower than the lowest frequency. Since lowest
corner frequency here is 1 rad/sec, we can take starting frequency as 0.1 rad/sec.

(3) By examining the transfer function we see that it represents a type 1 system (power of
s in the denominator is 1). So the initial slope 1s —20 dB/decade and continues to corner
frequency, ® = 1 rad/sec.

(4) Cormer frequencies, ® = 1 rad/sec is due to term 1/(1+ jw) of the TF. Therefore, the
Bode plot after this frequency will have a further slope of —20 dB/decade. Thus, the total
slope will become —40 dB/dec. This slope will continue till the next corner frequency,
®, = 2 rad/sec. This corner frequency of ®, is due to the term 1/(1 + j0.5®) of the TF:
due to which there will be another increase of —20 dB in the slope of the Bode plot at
o = 2 rad/sec. Thus, the total slope at frequencies higher than ® = 2 rad/sec will be

—60 dB/decade.
(5) The phase angle ¢ = |G(jw)H(jw) for a range of frequencies is calculated as follows.
. . 50
G(jwH (jw) = ——— ;
O+ jo)y(l + jo)y(1+0.5;m)
(0] ® 0.5m
O = |G(j®)H(jw) = —tan" o tan”" e tan”" o

or
0 =-90° - tan” ®— tan "’ 0.5
Phase angle ¢ at different values of ® have been calculated as following
® 0 0.1 0.2 0.5 1.0 1.3 1.5 2 4.5
) —90° | -98.6° | 107° | —130° | —161.6° | —175.5° | 183.2° 198.4° 233°

The magnitudes in dB at different frequencies, that is, at initial and corner frequencies are
calculated as follows:
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®=0.1 | Magnitude

= 201og50 — 20 log ®

j®
=2010og50 —201og(0.1)
=54dB
®=10 | Magnitude ——— | =201log 50 —20logw—20log V1 + w?
Jo(l + jo)

=2010g 50 — 20 log I — 20 log /2
=30 dB

50
jo(l + jo)(1 + jO.5m)

®=2.0 | Magnitude

‘ =201og 50 — 201log2 — 20 log /1% + 22

—-20log \/12 +(5x%x2)

=5dB

Figure shows the Bode plot for magnitude and phase angle drawn on log
scale. The gain margin is calculated at the phase crossover frequency and
phase margin is calculated at gain crossover frequency. The results as found
are
Gain margin = 15 dB; Phase margin = 20°
Gain crossover frequency = 2.2 rad/sec;
Phase crossover frequency = 1.45 rad/sec.

2 3 4 56 78910 2 3 4 5 6789

60 dB

40 dB - — E;_! S8 2
20 dB i il

0dB v b
20 dB

—80°

-100°
-120°
~140°
-160° z vi= 1,45 |
-180°

—200°

—240°
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5) Draw the Bode plot for a control system having transfer function,

10(s + 10)
s(s+2)(s+5)

G(s)H(s) =

Determine the Gain margin & Phase margin from the Bode plot. State the
system is stable or not.

SOL:

10(s +10)
s(s+2)(s+5)

G(s)H(s) =

10(0.1s + 1
©ls+1) [dividing numerator and denominator by 10]

s(05s+D(O02s+ 1)
(1) The corner frequencies are
|
0.5

= 2 rad/sec

W, =

‘ '_ll

= 5 rad/sec

®, =

o
-2

®m, =— =10 rad/sec
0.1

Starting frequency of the Bode plot is taken as lower than the lowest corner frequency.
Here the lowest corner frequency is 2 rad/sec. We can take starting frequency of say,
1 rad/sec.

The system is a type 1 system since the power of s in the denominator of the transfer
function is 1. So, the initial slope will be —20 dB/decade. This slope will continue till the
corner frequency of ® = 2 rad/sec is reached.

The comer frequency of @ = 2 rad/sec is due to the term 1/(0.5s + 1) for which
T(jo) =1/l + jo(0.5)]. The slope of the Bode plot after this frequency will change by
—20 dB/decade. Thus, the Bode plot after ® = 2 rad/sec will have a slope of —40 dB/decade
and continue till the next comer frequency of ® = 5 rad/sec is reached. Comer frequency,
o = 5 rad/sec 1s due to the term 1/(0.2s + 1) of the transfer function for which we can write
T(jm)=1/1+ jo(0.2)]. The slope of the Bode plot after ® = 5 rad/sec will change by
another —20 dB/decade, making the total slope equal to —60 dB/decade. This slope will
continue till the next corner frequency of ® = 10 rad/sec is reached.

The corner frequency of ® = 10 rad/sec is due to the term (1 + 0.1s) appearing at the
numerator of the transfer function which can be written as 7°(jw) = 1/[1+ jm(0.1)]. The
Bode plot after this corner frequency will change by +20 dB/decade. The slope of the
Bode plot after ® = 10 rad/sec will therefore be —40 dB/dec and will continue for higher
frequencies.
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5. Now we will calculate the phase angle ¢(®) for the transfer function.

10(1 + jO.1w)

G(j®) H(jw) =
JOVHG®) = = T 70 5y + 0 20)
. _ . 050 4020 4 0.l
d(w) =|G(jm)H(j®) =-90° - tan - tan +tan ——

The values of ¢ at different values of @ are calculated as follows.

o rad/sec 0

0.1 0.5 1 2 5 8 10 20

0 —90°

—93° | —107° | —122° | —145° | —176° | —-185.3° | —187° | —205°

The magnitudes are calculated as follows:

Frequency

Magnitude

® = 1 rad/sec

=20logK —20log®

Jj®
= 20log,,— 201og(l)
=20dB
® = 2 rad/sec K _ 5 \/ﬁ
—— | =20logk—-20log®—201logv1" + 250
Jo(l + jo0.5)
=2010g10 —201log2 — 20 log /1> + 25x 2?
=11dB
® = 5 rad/sec K

jol + j0.5)(1 + j0.2)
=201log K —201log ®—201og 1> + 250> — 201og /1> + 0.4’
=201og10 —201log5—201log1% + .25x25 —201log /1> + .04 x 25

=-20dB

o = 10 rad/sec

10(1 + jo0.1)
jaxl + j0.5)(1 + jw0.2)

=2010g10 —201og 10 — 20 log~/1+ 25 — 20 log 1+ 4 + 20 log /1 + 1
= -31dB

The Bode plot has been drawn using the above data (Figure ). The phase margin at gain
crossover frequency = 18°. The gain margin calculated at phase crossover frequency = 24 dB

GM = Initial value — Final value = (0) dB — (24 dB) = 24 dB

Since both phase margin and gain margin are positive, the system is stable.
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40 dB/decade

30dB

Magnitude
|

20 dB i

10 dB N
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-
e |

0dB

—10dB 4-dB= Grain margin
—20dB h 60 dB/decade

=40 dB/decad

=30 dB

-100°

a4

=-120°

Phase ($)

. FPhase margin = 18
~140 N -

-160° 354

-180° ]

-200°
=220°
-240°

v

: 3 2 5 1|0’l 2 3 5 i}

B

6) Sketch the bode plot for the following transfer function and determine
gain cross over frequency and phase cross over frequency

G(s) = 5(1+ 25)
(1+4s)(2+0.25s)
SOL:
The sinusoidal transfer function G(jw) is obtained by replacing s by jo in G(s).
5(1+j2w)

MAGNITUDE PLOT

The corner frequencies are, o, = % =025rad/sec, w,= -;— =05rad/sec, o4 = 0—;; =4rad/sec

The various terms of G{jo) are listed in table-1 in the increasing order of their corner frequencies. Also the table shows
the slope contributed by the each term and the change in slope atthe comer frequency. :

Choose a low frequency o, such that o, < o , and choose a high frequency o, suchthate, > o ,. Let »,=0.1 rad/sec
and o,= 10 rad/sec. '

LetA=|G(jo)| in db and letus calculate Aato, o_,, 0, ©_ando,.

TABLE-1
 Term Corner frequency Slope Change in slope
rad/sec db/dec db/deg

5 - 0. -
1 oo | e g

o 0n=7=02 -2 0-20-20

1 ., o ‘.,__ -
1+20 0 ===05 20 -20+20=0
, 2 = g
] ] U
m Og =025 -20 "_'0—20 =-20
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Ato =0, A =|G(n)=20log5=+14db
Ato =, A=|G(jo)|=20log 5=+14 db

Ato =0y, A=|Slopefromo oo, x log%@ }r Alstozagy) =~20% Ioga{lz% +14 = +8db
el .

Ato=wm 4, A=|Slopefromae oo, xlog%ﬁ ]+A[a,w;acz} =0xlog§—5—+8=+8db

At o =w,, A=|Slope froma_t0o, xlog On }+A

= 20log 12+ 8=0db
Wez § 4

(Gtw=acy)

Letthe points a, b, ¢, d and e be the points correponding to frequencies o, o, ©,, ® , 8nd ©, respectively on the
magnitude plot. In a semilog graph sheet choose a scale of 1unit=5 db on y axis. The frequencies are marked in decades from
0.11o 100 rad/sec on logarithmic scales on x-axis. Fix the points a, b, ¢, d and e on the graph. Join the points by a straight fine
and mark the slope in the respective region.

PHASE PLOT

The phase angle of G(jm), ¢ =tan"'(20) - tan"(40) - tan"'(0.250)

The phase angle of G(jo) are calculated for various values of » and listed in the table-2.
TABLE-2

o tan™! 2o tan™! 4o tan~! 0.250 ¢ = £G(jo) Points in
deg deg deg ' phase plot
0.1 113 21.8 143 -11.93~-12 f
0.25 26.56 45.0 35 -21.94=-22 g
0.5 45.0 63.43 7.1 -25.53~-26 h
2 75.96 X 82.87 26.56 -33.47~-33 i
4 82.87 86.42 45.0 -48.55~-49 j
10 87.13 88.56 6819 -69.62~-70 k.
50 89.42 89.71 85.42 —-85.71~-86 |

On the same semilog graph sheet choose a scale of 1unit = 10° on y-axis on the right side ofthe semilog graph sheet.
Mark the calculated phase angle on the graph sheet, Join the points by a smooth curve. The magnitude and phase plots are

shown in fig
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7) Sketch the bode plot for the following transfer function and determine
phase margin and gain margin.

G(s) = T50:+025)

s(s® +16s+100)

SOL:
~ On comparing the quadratic factor in the denominator of G(s) with standard form of quadratic factor we can estimate
Cando,.

582 +16s+100 = 8%+ 20,5 +0?

On comparing we get,
co,%:‘lOO = - 0,=10
16 .16
2o, =16 S—=—_—=0,
g = R T g T

Let us convert the given s-domain transfer function into bode form or time constant form.

75(1+0.2s) 75(1+0.2s) ~ 0.75(1+0.25)

s (s? +165+100) Sx100{i+ 165 +1] s (1+0.015% + 0.16s]

- G(s)=

100 * 100
The sinusoidal transfer function G(jw) is obtained by replacing s by jo in G(s).
0.75(1+0.2jo) ~ 0.75(1+j0.20)

= Gjw) = > = — o
jo (1+0.01(j0)° +0.16jo) jo (1-0.0%° +j0.160

MAGNITUDE PLOT

The comer frequencies are; ® 4 :El% =5rad/sec and ©,=0,=10rad/sec

! Nots : For the quadratic factor the comer frequency is o,

The various terms of G(jo) are listed in table-1 in the increasing order of their comer frequencies. Also the table shows
the slope contributed by each term and the change in siope at the comer frequency.

TABLE-1
Term Corner frequency Siope Change in slope
radisec db/dec db/dec
0.75 b _
i - -20 - -
o

1+ j0.2¢ 9., =——=5 _ -

+ Lo _0\-,1 0.2 20 20+30 =0
P e A Pt

1-0.0%7 + 0.160 ez = n =10 40| O540=-40

Choose a low frequency ®,such thato, <o _ and choose a high frequency o, such thato,> o,

Let, o,= 0.5 rad/sec and o,=20 rad/sec.

Let, A=|G(jw)] indb .
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Letus calculate Aato, o, o and o,

A, ©=0, A=20l0g > = 2010222 = 3.5 db
jo 0.5
AL ©=0,, A=20l0g 0j75 =20 1099;573 - _16.5db
(4]

At, ©=wmy A={slopefromo, to oy x log z—cz At wzae)
ci

=0 x Iogj—g-+(—16.5)=-16.5 db

At © =w, A=|slopefrom mcztOwhx[ogEL +Agms

0 )

- _40x log%+ (-16.5)=-28.5 db

Let the points a, b, c and d be the points comesponding to frequencies o, m,,, 0 ,andw, respectively on the magnitude
plot. In a semilog graph sheet choose a scale of Tunit =5 db on y-axis. The frequencies are marked in decades from 0.1 to 100
rad/sec on logarithmic scales in x-axis. Fix the points a,b,c and d on the graph. Join the points by straight inesand mark the slope
on the respective region.

Note : In quadratic factors the
PHASE PLOT phase varies from 0° fo 180°. But
calculator calcuiates tar’ only

The phase angle of G(jo) as a function of w is given by,
. between 0° to 90°. Hence a

¢ = £Glje) = tan~'0.20 - 90° —tan"% foro <o, ' correction of 180° should be added
' _ : to phase aftero
| ¢ = ZG(jo) = tan™'0.20 - 907 —[tan“%‘%;ﬂ%‘) foro >,
The phase angle of G{jo) are calculated for various values of w and listed in Table-2.
TABLE-2
® tan-102 0 mn"% $=<G(i®) | Points in
rad/sec deg deg deg phase piot
05 5.7 ' 46 -88.9~-88 e
1 11.3 9.2 ~-87.9~-88 f
5 45 ' 46.8 ~91.8~-92 g
10 634 90 -116.6 ~-116 h
20 75.9 -46.8+180=133.2 -147.3 =148 i
50 84.3 -18.4+180=161.6 -167.3 ~—168 i
100 871 -92+180=170.3 -173.7=-174 K

On the same semilog graph sheet choose a scale of 1unit =20° on the y-axis on the right side of semilog graph sheet.
Mark the calculated phase angle on the graph sheet. Join the points by a smooth curve.
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Let ¢, be the phase of G(jw) at gain cross-over frequency, o

we get, §,.=88°
- . Phasemargin, g = 180° + ¢ = 180° - 88° = 92°

The phase plot crosses —180° only atinfinity. The |G{jo)| atinfinity is — o db.

Hence gain margin is + co.

o e S — = = ———e -
o = =~ 1 = = S = e =
= = =
=] e === ——— — ==
v === IS =
= = = = - e = = Q
=+ = = == = = —— P e == . O
— ———— - =t —— = v
e = - el
oy - = —— —_— o o -—::__ .g
= = -
e < =5 s
~ -
R e = : T
= —F ‘ St wes 3
2 M et B wl B
o= = — = —= == =
el B
~ = = = = = =
o = — = =
w = =
< = = = = =
e == —— - = - = ==

2
et (1] &

"
11
100

3.4 567891
|
13
k
1
50

- 2

||| RN
N
i

20

} 1
= I
B
== 1 8 i
H > i z 1 g T ¥ G
— : i i . - - =
o = = : = RO
c —= — = g
~ = =
- — = == ——== ===
o e ——
- _— e — = wy
= = = — —_ =
P~ = : : i =
T A% = A § ] R
: > a +
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3 4 567891
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POLAR PLOT

The Swusoided TF
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~230 +We
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l
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+22¢ am3le.
~q0 g
Polan  Guph THpe-

Skovk oy Py plot End g5 Polon ply.

PROCEDURE TO SKETCH POLAR PLOT

D Pelrmine G TE 6wt Sydtn
§ Pk S=dws A0 AR TF. 4o oblan Gili)
P AL w0 £ o Gleulale, [G0w) [ Gife)

4) Ral,maku G G’“mu»t‘ih 6:Ge0)  and  Swpotaly s *(‘,(,‘,-,,a@ s,
9 E?“"‘b@ Ahe @m“i’)"’”“‘tﬁ Pl do Gao ard Aliyming qu
GFuguondgy ot Chth Pl onlseely g el andy. and

clundaly U vaduug CE; Cﬂ@ﬁiﬂ ak  thy Guencyy -

QE{Z(AQ‘(M}? e el pank b e amd Mﬂwwﬁmg
ok HEh U plok Amb;\gegg u N)ﬂfﬁ’vm‘fjw andl’
crludely - the " Vabus % e ak thy @umn,@ -

Y Srakh UG Polan ot

TYPICAL SKETCHES OF POLAR PLOT

Type : 0, Order: 1 G(s) =

1+sT ' l—27o°

. 1 l I -1 1
G(jo)=——= = L-tan 0T _4g80° »—0°
1+ joT ,\ﬁ.}.mz’[‘z Ztan 'a@T .\/l+(l)2T2 (,&M@Q
- o @ -V‘ o
As® =0, G(jo) > 120 -90° 4G increasing

Aso —» o, G(jo) —» 0£-90°

e:1, Order:2 G(s) = L @
S(1+ST) _1800

1 1 1 " 4 2

Gl = -t - £(-90°—tan'@T) £
jo(l+joT) o ,90° \ﬁ+m2T24tan'1(oT ww/l+m2T2 . ) gT

Q

Asw =0, G(jo) > ©Z-90° g

0=01]-90

As ® 5o, .G(jo) —> 0£-180°
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Type : 0, Order:2

1
G() = ———————
© (1+sT)) (1 +5sT,) i
i 1 1
jo)=——o: e
(+joT) (1+j0T)  [14+0’T £ tan 0T, {1+0°T Ltan ' 0T
1 :

J(H(DZTIZ)(H@Z T22)

Z(-tan' 0T, —tan”' 0T)
As o —0,

G(jo) > 1AO°
As @ —w,

G(jo) — 0£—-180°

Iype : 0, Order:3

Aso® —0,

G(s) = . -
(I+sT))(1+sT)(1+5sTy)
! 1 ?
i) = — Lo, ;
(I+joTy) (1+ joT;) (1+ joT;)
= g 1 "
J1+m2Twan'lmT} \/1+0)2T§étan‘lm'l‘2 \/l+m2’1‘32£tan—lcoT3
1
= L(= tan_lmTl —tan~ OT, - tan ! oT3)
\/(1+m2'1}2)(1+m2T22)(1+m2T32)
Asow =0, G(jo) > 120°
As o o, G(jo) » 0£=270°
Type: 1, Order:3 G(s)= ] . =270°
s(1+5T;)(1+5T;) _
. - ] )
G(jo) =~ ; 1 i 1 - 180 »-—og\\
Jol+joT) (14 J0T) 090 1+0’T Ztan 0Ty 1+ ztan"loT, € ®
| _ a %
= £(-90° - tan" 0T, - tan"' 0Ty ) %"
o \/(l+m2T12)(I+m2T§) £
Aso =20, G(o) > oL-90° 0=0 90
Aso 5w, G(jo) = 0£-270°
Type : 2. Order : 4 G i |
s“(I+sT)(1+sT,)
: 1 : 1
Gjo)=—— : : =
(Jo)* (1+joT) (1+joT) o2s-180° \/1+02T|2£tan'lcoT1 J1+m2T§4tan"‘mT2
_ 1 .
o’ J(i+sz]a)(l+m2T22)

£(~180° — tan"'0T, - tan"l0T,)
G(jo) = 0L -180°
As ® =,

; -270°
_ @'\nc‘eaf\“g

o=0 > ' Oo
. 5 -180° [@\}
G(jo) - 0£L-360 90’ ®
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‘" 1 .

Type : 2, Order: 5 - G(s)= 09 -270°
, (s 52(1+s'1‘1)(1+sT2)(1+sT3) %

. 1 _ ‘
G(jo) = —5—— : : ©=2
: (jo) (1+joT) {1+ joT,) (1+ joTs) —180° ,&’*'
@/
-g0°

1
022~ 180° {1+ T2 Ltan'0T; 41+ 02T? ZtanaT, /1 +02T2 Ltan 0T,
- L £(~180° ~ tan"oT, - tan"'oT, - tan" o T)
mz\/(l +o)2T12)(1+c02T2‘2)(1+m2T32) :
Aso =0, G(jw) > «0L-180° _
Aso - o, G(jo) > 0£L-450°=0£L-90°

Type: 1, Order:1 G(s)=—]—
s _ i

. 1 &
G(Jm)=__="‘_1‘—c=lé—90c @’? g’
jo ©d9%° o T 4
©
: g
As® =0, G(jn) - w0l -90° =
s
As® >, G(jo) > 0£-90° =0
; -90°
-27¢°
G(s) = 14+sT
N -180° L
. 1+joT 1 1 &
G(jo) = —22 -~ 41 = N R o 4 2
joT  joT oT £90 oT 8
o
| 1§
Aso =0, G(jo)— 0L-90°+1 >
Aso —>®, G(jo) —> 0£-90° +1 900‘”:0
. 0
G(s) =s 7 . _—3)?0
- - - m
G(jo) = jo =0.L90° &
28
Asw =0, G(jo)—> 0290 4 2
As® —» o,  G(jo} - 0s90° - —-1800(‘)_:0-—500
-90°
-270°
G(s) =1+sT ® = oo
. . (-3 - m
G(jo) =1+ joT=1+0TL90 3
. @
A9
Asw -0, G(jo)— 1+0290° _ e
Aso o, G(jo) = 1+0,90° -180° o=0] ¢
. 1
-90°
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DETERMINATION OF PHASE MARGIN(PM), GAIN MARGIN(GM)
AND STABILITY FROM POLAR PLOT
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PROBLEMS

1) The open loop transfer function of a unity feedback system is given by
1

G(s) =—————— . Sketch the polar plot and determine gain margin and
S(1+5s)(1+2s)
phase margin.
SOL:
P(_,L,(' S=Ju9 (

32 (1434

M = \G’l(j"w)i = _L__l_______
0 ilvfwl m
¢ = }&‘6‘*’) =~ 70— fany)

"‘76\/\’1"@'_9‘
T GANEY [puendy ane 0F mted)y, 4 ) Stedlfsq
(s 30
From Graph,
. \ -
The Gaum Ma:ﬂ%m-\ k3 = -0—3_“ ~ hyu1g
&M s CIB;: A20 (ng)@qw)

T 139 dp

The  Phayt Mo Y= 150 - 14y
- AR

- —
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2) A system is given by
1
G(s) =
() s?(s+ 1)(s + 10)

Determine the magnitude and phase angle at zero and « frequencies. Sketch
the polar plot.

SOL:
GuMn G0 = T t
S (+3)o+5)
- 0-1
s (+s) (+o9s5)
Pul  S= Jw
6’\@@ - D1

)™ (69 (14P100)
MLp = (Bb)] Z,C-'M

— 1806 —
'wmm L‘r_o 170 1017 o)
A wW-=o . Ml/_ﬁm_: coz_—!go'
L 49 - - 2o
A W mF = Of -3¢0 a s

ey = 10 /‘-d/@
Fa vaouows  Valug OJES W Wta@f)mltdg M amd
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Page4H



9 M

oS 0~3¢
2 o
25 0-0dY
2 00\
&3 0006
58 0-0033
F5 0'008

17 00014

45 0p-0o00q

Thoe Polary  plot e

510

N

b M@ +3 M Sun g
- —209- 4 —0-31+) o-¢?
— 2307 =0 QUy +;p-05
- A48 -0-0l + j0-08
—a54-F - 0-00Q +) 0009
~268Q ’
9633 o]
_913 3 |
-23% 3 /
- 231 ) Jo on
Shoun  bedors
R,\jgs.n

al O

T T
SHONMEY 2) Q@'o'/@
-

Z
—9 G-U 7 —O'Jwﬂ
| 0

qu%%o-fas@ aRRHPE

Robonaliz, “thy bomiton

PageE I:I



[ v

67@“0) - °! le—w Iw)

___—_‘_hﬁ‘—ﬁx__
(—wL+o-)¢pD - ,.w:f7< ;_M\E_' w0

CL& -{-Ulw‘i)_(_J o
- Co!w +Oo;w“{)_{_JO“w”j
W
&FUM% /ugo,{ L . - :
ned G b7 Mgy louny 2 e%m[?j
‘-O'%(*O'omwt -
' C)-ClerL = o
W= 34 s
oA folas VJO{/ @in  pe "”‘112 /M |
oy ok Sl ek Dy

3) Determine the gain crossover frequency, phase crossover frequency, gain
margin and phase margin of a system whose open loop transfer function is

1
¢S = Sareazas

SOL:

T6 Find Fay O owen Fuguandy - (pc)

Curs  Ga(S) = S
5 (*+)(1+2s)

Puk 52009
GPw) = — ,
(g (g (145209
L= | ’

il

_ f
(jw) Q—U’zw +jw —:{upL) -3&9L+Jw (1-205%)
AL - PhayC one¥)ouen @,ﬂﬂ?ufmcg Gi{fud) 4y oual

€ dmragnasny
Pk o 60 43 7on0.
/3r(‘ (9 = LOPC, | Woe "‘2‘&;’7’,‘7;) >~ 0
= I = iw;g
Phax Uleddyowen f?)fuzguw)cg = 0-70% Sad /g
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BY Toaid and ewB)l onethoy X

N o . D¢ = 0.53 Jhd/agg,q,
SL' Sub "%fsm"’ﬂf(‘ Vadueg % w3 ok Ohor valog N6B2) ) =) appr

B 3
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?9(_ = =165
h . , .
Y =g
4) The open loop transfer function of a unity feedback system is given by
G(s) = ————
() s(1 +s)?
Sketch the polar plot and determine GM & PM.
SOL: 7
Guuen - GQ(S) - l : T %_L‘_w__
S+ -
o +5) 5+ Q+s)
Puk s = Jus
G~ - _

() (+3w) (14)u9)

(‘Gq(w)] -——J———___ -t
F u6+w’—)

¢’: ﬂ)@ = — 90~ Tan~ o
:FQO"ZTW#L&

b W=0 = MG = e)-90
oo = MP = 0/-290
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solu - -
| | By g, wg(_‘ 0:63 tad)ypc.
- G o) olen F«-‘lﬂgumoﬂ wh = 068 -ﬂod/g}(c,

Page54



= 0-68 slod - —Qo ~ !
- }é{’f', 9259(__ 90 ~ 2 TaN s,
T =
= =1584"
4 Ma>oyim | = )
2 hae. oginf F0+ ¢,
~ 150— /584 =
Y = 2l.¢”

a/&: L‘ug = (.~?C/')c_

—90- 2 Tam~!%-6 )

5) The open loop transfer function of a unity feedback system is given by
K
G(s) =
() s(1 4+ 0.5s)(1 + 4s)
Sketch the polar plot and determine the value of K so that (i) Gain margin
is 20 db and (ii) Phase margin is 300.
SOL:

Given that, G(s) = K/s (1+0.5s) (1+4s)

The polar plotis sketched by taking K =1.
PutK=1ands=join G(s). |
1
jo (1+j0.50) (1+ jdw)
The corner frequencies are o, = 1/4 = 0.25 rad/sec and o _, = 1/0.5 = 2 rad/sec. The magnitude and phase angle of

G(jo) are calculated for various frequencies and tabulated in table-1. Using polar to rectangular conversion the polar coordinates
listed in table-1 are converted to rectangular coordinates and tabulated in table-2.

- Gljo) =

1
jo (1+]0.50) (1+ j4w)

Gljo) =

.

0£90° 1/1+(c:1.5c,-3)2 Ztan"'0.5m ,/1+(4<;:)2 Ztan "4
1 1 -1
—_—  /(-90°-tan"'050 - tan” 4e)
oV1+0.2502 Y1+1602
1
~1G(jm)] = v
0 ¥1+0.2502 {1+1602

/G(jo) =-90° —tan"'050 —tan 4o
TABLE-1: Magnitude and Phase of G(jo) at Various Frequencies

[6)] i
rad/sec 0.3 04 0.5 0.6 0.8 7 1.0 1.2
IGlio)| 2.11 1.3 0.87 0.61 0.35 0.22 0.15
£Gjo)

deg -149 -159 -167 —174 -184 -193 -199
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i3]
rad/sec

0.3

04

0.5

0.6

0.8

1.0

TABLE-2 : Real part and Imaginary parts of G(jo) at Various Frequencies

1.2

Go)

-1.8

-1.21

-0.85

-0.61

-0.35

-0.21

-0.14

Go)

-1.09

—0.47

0.2

-0.06

0.02

0.05

0.05

From the polar plot, with K=1,

Gain margin, Kg =1/0.44=2.27
Gainmarginindb=201log2.27=7.12db
Phase margin, y= 180°+ cbgc = 180°-165°=15°
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Case (i)

With K= 1, let G(joo) cut the ~180° axis at point B and gain corresponding to that point be G;. From the polar plot,
G, =0.44, The gain margin of 7.12 db with K = 1 has to be increased to 20 db and so K has to be decreased to a value less than
one.

Let G, be the gain at—180° for a gain margin of 20 db.

Now, 20 log o 20
Gy

lo i—£—1
9G. " 20

1 _4o
—=10"=10
Ga

EX - W}
AT

G 0.1
The value of Kis givenby, K= —2 = —_=0.227
value of Kis gi Y. G, o4t "

Case (ii)
With K = 1, the phase margin is 15°. This has to be increased to 30°. Hence the gain has to be decreased.
Let¢,., be the phase of G(jw) for a phase margin of 30°.
- 30°=180°+¢,,
dyep = 30°— 180° = -150° _

In the polar plot the —150° fine cuts the locus of G(jeo) at point C and cut the unity circle at point D.
Let, G, = Magnitude of G(jo) at point C.

G, =Magnitude of G(jw) at point D.
Fromthe polar plot, G_=2.04and G, = 1

Go__ 1 _q49 |

Now, K= =—
Ge 204
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STATEMENT OF NYQUIST STABILITY CRITERIA
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PROBLEMS

1) Draw the Nyquist plot for the system whose open loop transfer function is

K
G(s) =
() s(s+2)(s +10)
Determine the range of ‘K’ for which the closed loop system is stable.
SOL:

K K 0.05K

aventhat GO = S+ 6710) (-‘*‘-ﬂ)xw ( ; ) Rl

21
2 10

The open loop transfer function has a pole at origin. Hence choose the Nyquist contour on s-plane enclosing the
entire right half plane except the origin as shown in fig ' ;

The Nyquist contour has four sections C,, C,, C,and C,. Themapping of
each section is performed separately and the overall Nyquist plot is obtained by
combining the individual sections.

MAPPING OF SECTION C,

In section C,, o varies from 010 +o. The mapping of section C, is given by
the locus of G{jo)H(jo) as o is varied from 0 toco. This locus is the polar plot of

Gllo)H(o)-

0.05K
GsIH(s) =
()= 7705s) (17 0.19)
Lets=jo.
o 0.05K 0.05K . 0.05K
- Gljo)H(o) = -

jo (1+j0.50) (1+j0.10)  jo (1+j0.60 —~0.050%) —06w? +ju (1- 0.050°)
When the locus of G{jeH(jo) crosses real axis the imaginary term will be zero and the corresponding frequency is the
phase crossover frequency, o_.

AAto =0, 0,(1-00502)=0 = 1-0050%=0 = mpc=]f-(:)—:)g=4.472radlsec

pc
005K 005K
060’  06x(4472)

The open loop systemis type-1 and third order system. Also itis a minimum phase system with all poles. Hence the polar
plot of G(jo)H(jw) starts at—90° axis atinfinity, crosses real axis at—0.00417K and ends at origin in second quadrant. The section

C, and its mapping are shown infig

Ato =a,, =4472rad/sec, Gjo)Hjo) = =-0.00417K
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AjV

jo
G(s)H(s)-plane

O=x
' s-piane

=00

.

=0

———'
3 -0.00417K

=0
MAPPING OF SECTION C,

The mapping of section C, from s-plane to G(s)H(s)-planeis obtained byletting s= R&t R e® inG(s)H(s) and varying
6 from +w/2 to -7/2. Since s—R &P and R— o, the G(s)H(s) can be approximated as shown below, [i.e., (1+sT)=sT].

_ 0.05K - 005K K
G(s) H(s)=_ (1+0.58) (1+0.1s) sx05sx01s s’

Let s= Rt.t ReF.

K| K .
. G(s)H(s) = 'ﬂ = W = Qe 7
s= Lt Rel® Stls= 1t Rel® R
—yeo R—a= -
) - -j332
Wheno=Z,  Gs)H(s)=0e 2 - (1)
i +32 .
When6=-Z, G(s)H(s)=0¢" 2 --(2)
From the equations (1) and (2) we can say that section C, in s-plane is mapped as circular arc of zero radius
around origin in G(s)H(s)-plane with argument (phase) varying from —3x/2 to +3n/2 as shown in fig-
@ . )
JoA |  va
s-plane ' G(s)H(s)-plane

o R — /f?‘" 5
G %_j u

MAPPING OF SECTION C,

In section C,, @ varies from —o to 0.The mapping of section C, is given by the locus of G(jw)H(jw) as o is varied from
-t00. This locus is the inverse polar plot of G(jo)H(je). ‘

Theinverse polar plotis given by the mirror image of polar plot with respect to real axis. The section C, in s-plane andits
corresponding contour in G(s)H(s) plane are shown in fig

Ajo o=0] 41V
s-plane .
G(s)H(s)-plane
— > i
[0 c =00 »
A / o u
-0.00417K
W=—00
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MAPPING OF SECTION C,

The mapping of section C, from s-plane to G(s)H(s)-plane is obtained by letting S = RI:EO Re® in G(s)H(s) and varying 4]
from —/2 to +1/2. Since s—R e and R— 0, the G(s) H(s) can be approximated as shown below, [i.e., (14+sT)= 1].

0.05K 005K 005K
s(1+05s) (1+01s) sx1x1 s

G{s)H(s) =

Lets= Lt ReF.
R0

- G(s)H(s) = O'ZSK - % — e P
- Je t— Je
= SRSone RO
When e=-%, G(s)H(s)=we 2 - (3)
When 0 = -’2}  G{s)H(s)=e 2 )

From the equations (3) and (4) we can say that sectionC, ins-plane is mapped as a circular arc of infinite
radius with argument (phase) varying from +n/2 to —nt/2 as shown in fig

jo

s-plane | G(s)H(s)-plane

av

iva

0 G(s)H(s)-piane
“'t-qr -Q&o‘
,\i\Q’\o‘ \ AR G(s)H(s)-contour
y R
/ i
K
-0.00417K G(S)H(S) -
s(s+2)(s+10)
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STABILITY ANALYSIS

When, —0.00417K=-1, the contour passes through {(—1+0) point and corresponding value of K is the limiting value of
K for stability. ‘ )

.. Limiting value of K= 240

1
0.00417
When K < 240

When Kis less than 240, the contour crosses real axis at a point between 0 and —1+j0. On travelling through Nyquist plot
along the indicated direction itis found that the point —1+j0 is not encircled. Also the open loop transfer function has no poles
onthe right haif of s-plane. Therefore the closed loop system is stable.

»

When K > 240

When K is greater than 240, the contour crosses real axis at a point between —1+j0 and —eo. On travelling through Nyquist
plotalong the indicated direction itis found that the point—1+j0is encircled in clockwise direction two times. [Since there are two
clockwise encirclement and no right half open loop poles, the closed loop system has two poles on right half of s-plane].
Therefore the closed loop systemyis unstable.

RESULT
Thevalue of K for stability is 0 < K <240

2) Draw the Nyquist plot and comment on stability for the system
s + 0.25
G(s) =

s2(s+1)(s+0.5)
Pt S=)w
610w HQw) =

SOL:
©25 +)ud

O () E5+iw
S M= (qu@ Wi . = Jo'zfl*wl

[,;s;l'Jf + tdL J;?hﬂ;:__

amad gﬁ 1/%@ HQ@ - Tm”o;r — 180 - Tam™uo -Tom"c%.oj__
Isf% W =0 , ML@ -;k aog-lSO'
W=o0, Ml$ =~ o)-2790
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3) Draw the Nyquist plot and comment on stability for the system

K

G(s)H(s) =
1+ 7)1+ T,s)

SOL:
The open-loop sinusoidal transfer function is

K

G(jo)H (jw) = :
(+ joT))1+ joT,)

Rationa“Zi“g‘
G(jo)H (jo) = — KU=jol)( - joT;)
(1~ jol)(1 + joT, 1 - jaT, X1+ joT,)
_KU-@'TDL]-jKeTi+Ty)  K(-o'TT)  jKe(j+T)
1+ @’ )1+ &’TF) 1+ T+ 0 T2)  (1+ T2 )1+ &°TF)

Along the segment (Cy) of the Nyquist contour on the jw-axis, s varies from —jeo to +jeo.
AL@= T
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K[l - (-)’T;T; ] JK (—oo)(T; +T5)

G(jwH (jo)= - =-0+j0
% [+ (o’ T2+ (=002 T] (14 (—o0)2 T2 J[1 + (—o0)2T7] !
At 7)) = 07;
. : K[1-(-0Y°TT,] iK(—0)T, +T,) _
G H (jw) = 142 _ J s = 0
{ [1+ (0T 11+ (=0)°T2]  [1+ (-0)2 T2 ][+ (—0)*TF] i
At a) = 07'.1
. : K[1- (+0)’TT;] JK(+OXT; +T5) :
G(jw)H (jo) = - 1~ "2 =K-jo
L [+ (+0° 211+ (+0)2T2] [1+ (+0)2 T2l + (+0)°T7] d
At @ = *oo,
—_ 2 ]
Gliao)H (jo) = K[1=(+==)"T\T;] JK(+eo)(T} + T;) =—0-j0

[1+ (hoo) T2 I[L+ (4o0)2 2] [1+ (oo TR+ (+0)°TF]
So, we get four points to draw an approximate Nyquist plot.
The infinite semi-circular arc of the Nyquist contour (segment C,) of Figure

mapped like this.
Along the semi-circular arc,

s = Re’?

R—ee

where ¢ varies from 72 through 0° to —72. Therefore,

K
H(s)= Lt . .
G(s)H (s) Roe (1+ ReWT])(l +ReJ¢T2)

= A =0.e7?=0£-2¢
R R2/MTT;
¢-—->-’2£t0~-

So the magnitude is zero and the phase varies from -2 x (#2) tQ -2 X (—-m?2), i.e. from
~180° to +180°. So the infinite semi-circular arc is mapped onto a point at the origin joining
© @ = +o and @ = —oo points in the g(s)-plane.
The point of intersection of the Nyquist plot with the imaginary axis is obtained by €quating
the real part of G(jw)H(jw) to zero. Therefore,

K(- @’ TT,)
1+ &’ T?)1 + &°TF)
1 - a)2T|T2 =0

JIT,

or =
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The value of G(jw)H(jw) at that point of intersection is obtained by substituting this value

1
N

of = in the imaginary part, i.e.

1

K- (T} +T5)
Jin . KJTT,

s : _ 1 I ) —
G(Ja))H(]a))[ata)— TITZ)_ j 1 5 : > J T4
1+ ——= T,2 1+| — T22
JIL, JIT,

Based on the above information, an approximate Nyquist plot is drawn as shown in
Figure From Figure it can be observed that the Nyquist plot of G(jw)H(jw) does
not encircle the (-1 + j0) point of g(s) plane for any positive values of X, T, and T5. Therefore,
the system is stable for all positive values of K, T; and T>.

Jjo4s s-plane Ay
+joo C2 Rej¢
R—oo
Cln
o' -180° -1+,0 .
s > LI u
Jo o - "
f K TITZ
I+
—-joo

4) Draw the Nyquist plot and comment on stability for the system

(6s+1)
52 (s+1DBs+1)

G(s)H(s)-=

SOL:
The given open-loop system has a double pole at the origin. The Nyquist
contour is, therefore, indented to bypass the origin as shown in Figure (a). The mapping of
the Nyquist contour is obtained as follows.
The given open-loop transfer function in sinusoidal form is

(jéw+1) _(jow+1)(1- jo)1- j3w)

G(Ja))H(.’w)z i s o g - 9 2 2
(Jo) (jo+1)(j3w+1) -0°(1+@”)(1+ %)

[1+210°] _; (2-180°)
-0’ (1+ @)1+ 90?) a1+ )1+ 9w?)
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Along the segment (Cy) of the Nyquist contour on the jaxis, s varies from —jo 10 Ho°-

me GUHGo) = -0 -0
At 0= 0% . . ,
GUH(@) = —e +
=0"
t o ’ . ) ,
A GU@H(j&) = o — J»
= +oo,

G(i@H(jo) = -0+ J0

So, we get four points to draw an approximate Nyquist plot. The infinite semicircular arc
of the Nyquist contour (segment C;) of Figure  (a) represented by s= Lt e e/’ (where 6
varies from —90° through 0° to +90°) is mapped into -

Lt [ 6ee’ +1 Lt 1 -j20
e»0| €2 e/ (ce” +1)Bee +1)| €0 ( e? /% ) =

= oo (£180° = £L0° — £-180°)

that is, into a semicircle of infinite radius extending from +180° through 0° to —180° as shown
in Figure (b).

The infinite semicircle of the Nyquist contour of Figure (a) represented by

s= Lt Re’® (¢ varies from +90° through 0° to —90°) is mapped into

R—e=

6Re’? +1 L SRe” 2 e
R0 (R*eﬂ')(ﬁeﬂ+n(3xef’+1) Row 3R Ro= ReT?

= 0 (£-270° = £0° = £+270°)

of the Nyquist plot on the real axis is obtained by equating the

The point of intersection
imaginary part to zero, ie.
@2-182") __,

—al + 7)1+ 90°)
ie. 2- 1847 =0
« * =19
o @ = 1/3 rad/s

The value of G(j@w)H(jw) at @ = 1/3 is obtained by substituting thi
g this value of w i
Part of G(ja)H(ja), i.e. of @in the real

1+21a” _ 1+21/9 3019 _ 435
—P(+ @t )1+907)  (-1/9)1+1/9)1+9/9) 10x2/9%9

So, the Nyquist plot crosses the real axis at —13.5. )
Based on the above information, an approximate Nyquist plot drawn for the Nyquist path

shown in Figure (a) is shown in Figure (b). From this plot we can ot.Jser\fe that, the
Nyquist plot of G(s)H(s) encircles the (-1 +j0) point twice in the clockwise direction. There-

fore, N = —2. The given open-loop transfer function G(s)H(s) has no poles in the right-half of

the s-plane. So, P = 0. Thus, _2 =0 - Z or Z= 2. Hence two Zeros of g(s) lie in the right-half
of the s-plane. So the closed-loop system is unstable.
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Ajv

(a) (b)

5) Draw the Nyquist plot and comment on stability for the system

K(s +10)(s +2)
G(s) H(s) = (s +0.5)(s—2)

SOL:
The Nyquist path consists of the entire jo axis and the infinite semicircle enclosing the right half of
s-plane.
For s=joand @ - 0to
K(jo+10)(jo +2)
G(s) HS) = "o 1 0.5x0-2)
for 0=0
20k
G(s) H(s) = - =" 20k = 20K Z180
for © = X

K( jm)2[1 . ;9_][1 ' i}
o jo

G(s) H(s)= Mt
0 (jm)z[n‘?'—s}(l—.z]

Jo jo

Y
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To find the possible crossing of negative real axis,
ImG (jo) H (jo) =0
o K(jo+10)(jo +2)(-jo +0.5)(-jo-2) _ 0
(02 +0.29? +4)
Im (~> + 20 + 12j0) (0 - 1 + 1.5j0) =0
~1.50* +30 - 12~ 1207 = 0
, 18 4

® 7135 3

® = 1.1547 rad/sec

—~(20 - 0?)(1+ 0?) - 180?]
(% +.25) 0 +4)

Re [G(o) Hj@)], = 1 1547 = ‘
w=11547

= -8K

Hence the Nyquist plot crosses the negative real axis at — 8K for © = 1.1547 rad/sec.

The infinite semicircle of Nyquist path maps into the origin of GH plane. The negative imaginary
axis maps into a mirror image of the Nyquist plot of the positive jo axis. Hence the complete Nyquist
plot is shown in Fig.

1.9K

Q= oC
20K oKk '{K
29K

©®=6.126

By equating the real part of G(jo) H(jw) to zero, we can get the crossing of jo-axis also. The plot
crosses the jw-axis at |G(jo) H(jo)| = -1.9 K for & = 6.126 rad/sec. This is also indicated in the Fig.

From Fig. it is clear that if 8K > [ or K > 0.125, (-1, j0) point is encircled once in
anticlockwise direction and hence
N=1
Since P=1
and N=P-2Z
Z=90

.. The system is stable for K > 0.125.
If K < 0.125, the (-1, jO) point is encircled once in the clockwise direction and hence N = —1
Since P=1
and N=P-Z
Z=2

There are two closed loop poles in the RHP and hence the system is unstable.
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The frequency response of lead compénsator is shown in the fig.
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Design Steps of Lead Compensator using Bode plot

Step 1:  The open loop gain K of the given system is determined to satisfy the requirement of the error
constant.

Step 2:  After determining the value of K, draw bode plot of uncompensated system.
Step 3: The phase margin of the uncompensated system determined from the bode plot.

Step 4: Determine the amount of phase angle to be contributed by the lead network by using formula
given below:

Om= Ya—Y+G
where, ¢,, — Maximum phase lead angle
ry — Desired phase margin
vy — Phase margin of uncompensated system
€ — Additional phase lead to compensate for shift in gain crossover frequency.
Choose an initial choice of £ as +5°
Note: If §,, is more than 60° then realize the compensator as cascade of two lead compensator with each
compensator contributing half of the required angle.

Step 5:  Determine the transfer function of lead compensator. Calculate o using the equation,

1 —sin ¢,

1+sing,,

From the bode plot, determine the frequency at which the magnitude of G(jm) is — 20 log % db.
o

This frequency is w,,
Calculate T,

U-)m

1
TV
1

T=

o,a

Transfer function of lead compensatio n,
1

o STr afl+sT)
o) = o _(l+asT)
s+ —
al

Step 6:  Determine the open loop transfer function of compensated system:

The lag compensator is connected in series with G(s) as shown in Fig. When the lead
network is inserted in series with the plant, the open loop gain of the system is attenuated by the factor
o (.. o < 1), so an amplifier with the gain of 1/ & has to be introduced in series with the compensator
to nullify the attenuation caused by the lead compensator.

5+ 1T
s+ 1T

1o »  Gi(s)

v
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Open loop transfer function of the overall system

1
S+

1
Gy(s) = — T -G(s)
%5+
al
1 a(l+sT) (1+sT)

G(s)

a (1+saT) = (1+saT)

Step 7:  Verify whether it satisfies the given specifications. If the phase margin of the compensated
system is less than the required phase margin then repeat step 4 to 10 by taking € as 5° more than

previous design.
Design Problem:

Design a cascade compensation foras

K
G(s) = 5(1+0.1s) (1+0.001s)

It will fullfill the following specifications
Phase margin > 45°
Velocity constant K, = 1000 sec”!

SOL:
. . K
K, = E%S.G(S) = !l_l;l‘:)s‘ s(1+0.1s) (1+0.001s)
K, =K
K =1000

) 1000
G(s) = 51+0.1s) (1+0.0015)

Step 2 : Draw the Bode's plot for the transfer function B
Two corner frequencies are 1/0.1 =10 rad/sec. and 1/0.001 = 1000 rad/sec.

ystem whose transfer function is

® Arg(1000) |- Arg(0 + jo) | - Arg(1 +0.1jo)| - Arg(1 +j0.001w) | Resultant
¢1 ¢2 ¢3 ¢4 ¢1+¢2+¢3+¢’4
1 0 -90° -57° -0.06 -95.7°
5 0 -90° -26.5° -0.28 -116.5°
10 0 -90° - 45° -0.57 - 135.63°
50 0 -90° -78.6° - 2.86° -171.46°
100 0 -90° - 84.2° -5.71° -179.9°
150 0 - 90° - 86.2° -85° - 184°
200 0 -90° - 87.13° -11.3° - 188.43°
500 0 -90° - 88.85° - 26.56° - 205.41°
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Step 3 : From Bode plot :
Phase margin avilable ¢ = (0°
Specified phase margin ¢, = 45°
Margin of safety ¢ = 5°
¢,, =45°-0+5°=50°
Step 4 : Calculation of “a’

; a-1

S|n¢m = m

. a-1

sin 50 = aTl
a =751

Step 5 : Calculation of ©,,
Zero frequency attenuation= - 10loga

= - 1010g 751 =~ 8.7
At the gain of - 8.75 db draw a line on magnitude cu‘ l.VSedl:;]

frequency). is will gives , (new gain cross over
so0,=170 rad/sec. (from Bode plot)

Step 6 : Calculation of ‘T

1
(om = m

a =751
®, =170
T =0.00214

Step 7 : Transfer Function of Compensator

1 ( 1+0.016s
Cols) = 7.51( )

1+0.00214s
The amplification necessary to cancel the lead network attenuation of 751
1+0.016s
Gr(s) R A Rt A
1+0.00214s

Step 8 : Overall Transfer Function
G(s) = G(s) . Ge ()
_ 1000(1+0.016s)
~ 5(1+0.1s) (1+0.001s) (1+0.00214s)

Step 9 : Draw the Bode plot of overall transfer function & check
The corner frequencies are
o, =10 rad/sec.
0, = 62.5 rad/sec.
04 = 476.5 rad/sec.
@, = 1000 rad/sec.
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0] Arg -Arg | -Arg -Arg -Arg -Arg | Resultant
1000 (jo) (1+j0.1w) (1+j0.001w) (1+j0.0020) (1+j0.0160) | ¢;+d,+d3
¢1 ¢2 ¢3 ¢4 ¢'5 ¢‘5 +¢4+¢5+¢5
1 0 -90° -5.7° 0.05 011 0.91 -95°
10 0 -90° -45° 0.57 1.14 9 -126°
50 0 -90° -78.6° -2.86° -6° 38.65° -138.8°
100 0 -90° -84.2° -5.71° -11.85° 57.99° | -133.77°
150 0 -90° -86.1° -85° -17.4° 63.38° -134.6°
800 0 -90° -89.2° -38.65° -59.23° 85.5° -191.58°
200 0 -90° -87.13° -11.3° -22.78° 72.6° -138.61°
From Bode’s plot of copensatecl system P.M. =45°
o A u_,, ‘ | e
1 A it
i ; Mldhf.h N . 1.1:Uncompensated system | :‘1
"L“‘I FHHL .; HillkE 1000 T,
0 R IR «mh.n.l\ H © & SR (enonts)
2 1 o l,{(rm‘ /{-Ii H Compensated system ik
‘ N ¢ 1000 (1+0.016s)
{1130 ¢ ,H s S(1+0.1s) (1+0.001s) (l+00021-|s) 1
as ! 1 a1 11 1B
1l | | 1 - 11
\x )| ! | 11 I 1
ﬁiu I I
m..,..;l system !
1 e !
R i 111 -
o CSRRRIEHENIRS ,
|4NPfj(‘lx - T 1
{ i f ;’W ! lem :onsau‘d svstem
] “* : 1 -
HISRINTY 3
- 3 ey -40db/ dec
1 - i \ r-lél()':lb(dec
J i | 1
] m 1 T
LRIH HH 1) -60db/ dec
r&mn. 11l T 1 i 1
e R i
2l : H Compensated system i '
1200 T T [
111 . — Jill
9 ~140 T | LM :r /) 1
3 o0t e g 'FPM. = 45° 1T
1800 ! . ; -
I
-m. JI || I’vv
| TT
g | T Ll Tt 1 H i
T t i T
w “VI.Q‘L" L "l w ""‘l"\ll " l'- FMETAN ;I - +he

[OX(F 7 FETUNN p—— .
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Design Steps of Lag Compensator using Bode plot

Step 1: The magnitude and phase Vs frequency curves (Bode plot using asymptotic approximation)
are plotted for G(s) of the uncompensated system, with gainconstant K set according to
steady state error requirement.

Step2:From the Bode plot, determine the phase margin of the uncompensated
system.

Step 3:1f ¢, = specified phase margin

€ = marign of safety
¢=6 +¢c

Step 4 : Determine the frequency corresponding to the required phase margin from the phase curve.
This frequency is new gain cross over frequency (o', )

Step 5 : The magnitude curve is brought down to 0 db at the new gain cross-over frequency where

the phase margii 15 satisfied, the phase lag network must provide the amount of attenuation
equal to the value of magnitude curve at o',

|G(jo',,| =~-20loga a<l
or a = 10716GWN/20
calculate 'a’ from above expression.

a<l

Step 6: Calculate ‘T from

1 o,
aT 10
usually the upper corner frequency (1/aT) is placed at a frequency about one decade below
the new gain-cross over frequenq".
Step 7 : Draw the Bode’s plot for compensated network & investigate to see if the required phase
margin is met or not, if not, adjust the value of ‘a’ & 'T".

Design Steps of Lag-Lead Compensator using Bode plot

Step 1: Determine the openloop gain K of the uncompensated system to satisfy specified error
requirement.

Step 2: Draw the bode plot of uncompensated system
Step 3:  From the bode plot determine the gain margin of the uncompensated system.
Let, 0, = Phase of G(jw) at gain cross over frequency.
Y = Phase margin of uncompensated system.
Now, Y= 180°+ @
If the gain margin is not satisfactory then compensation is required.
Step 4: Choose a new phase margin
Let, Y4 = Desired phase margin
Now, new phase margin,
Yn=Yat €
Choose an initial value of € = £5°
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Step 5: From bode plot, determine the new gain cross over frequency, which is the frequency
corresponding to a phase margin of y,,

Let,
o,., = New gain cross over frequency
and Ogen = Phase of G(jw) at o,
Yn = 180° + Oy
or Goen = Yn. — 180°

In the phase plot of uncompensated system, the frequency corresponding to a phase of ¢,,, is the
new gain crossover frequency ,,. Choose the gain crossover frequency of the lag compensator, ®,,;,
some what greater than m,,, (i.e. choose m,. such that ®,, > ®,,,) .

Step 6: Calculate P of Lag compensator.

Let, Agey = IG(jw)| indbat = (O
From the bode plot find A,
[Age/20]
Now, A, =20log P
or B= IUM"“' /20)

Step 7: Determine the transfer function of Lag section.
The zero of the lag compensation is placed at a frequency one-tengthof w,,
. zero of lag compensator,
Zer = U Ty =0y
Now, Ty =10/ gy,

Pole of lag compensator,
Pa =
P,
Transfer function of lag section

(s+1/T)) ., (1+5T))
(s +1/BT)) (1+ spT;)

Glfﬁ} =

Step 8:  Determine the transfer function of lead section.

Take, o=1/p
From the bode plot find w,, which is the frequency at which the db gain is 20 log (1/+/a)-
Now T =1l/o,Jo
Transfer function of lead section
Ga(s) = (s+UTy) _  (1+sTy)

(§+1/aly) (1+ saly)
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Step 9: Determine the tansfer function of lag lead compensator.
Transfer function of lag-lead compensator,
G‘.{Jﬁ'] = G|{.§':| x GE(S)
(1+sT)) ‘o (1+s75)
(1+ sad)) (1+ sal;)

1/p

(1+5T)  (1+5T5)
(1+spT;) (1+ saTy)

Since o

G(s) =

Step 10: Determine the open loop transfer function of compensated system.

The lag lead compensator is connected in series with G(s) as shown in Fig.

(1+5T,) (1+5T,)
(1+spT,) (1 + suT,)

l

G(s)

Open loop transter function of compensated system
(1+s1,) (14 5T5) y
(14 sp7}) (14 sal,)

Step 11: Draw the plot of compensated system and verify whether the specifications are satisfied
(or) not. If the specifications are not satisfied then choose another choice of o £1/p and repeat the step
8 to 11 till design get satisfied.

G, (8) = G(s)

PageH E



